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Abstract 

In this paper, we investigate the phase structures of the black holes with one sin- 
gle higher spin hair, focusing specifically on the spin 3 and spin 4 black holes. Based 
on dimensional analysis and the requirement of having consistent thermodynamics, 
we derive an universal formula relating the entropy and the conserved charges for 
arbitrary AdS% higher spin black holes. Then we use it to study the phase structure 
of the higher spin black holes. We find that there are six branches of solutions in the 
spin 3 gravity, eight branches of solutions in the spin 4 gravity and twelve branches 
of solutions in the Gi gravity. In each case, all branches are related by a simple 
angle shift in the entropy functions. In the spin 3 case, we reproduce all the results 
found before. In the spin 4 case, we find that in the low temperature it is at the 
BTZ branch while in the high temperature it transits to one of two other branches, 
depending on the signature of the chemical potential, a reflection of charge conjugate 
asymmetry found before. 
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1 Introduction 



Black hole physics has been one of central topics in quantum gravity. One of the most 
important achievements in the 1970s is the discovery of black holes thermodynamics. Es- 
pecially the area law of black hole entropy indicates the holographic principle in quantum 
gravity. As a concrete realization of the holographic principle, AdS/CFT correspondence 
was proposed by studying the brane physics. In the past ten or more years, black hole 
thermodynamics has obtained a revival after being embedded into AdS/CFT correspon- 
dence. It was found that the black hole configuration in AdS spacetime is dual to the 
conformal field theory at finite temperature. The phase structure of the field theory 
could be understood from bulk black hole thermodynamics. This is the underlying 
physics in the recent applications of AdS/CFT correspondence to the study of QCD and 
other strongly coupled systems in condensed matter physics. 

On the other hand, the AdS/CFT correspondence has been expected to shed light 
on the nature of spacetime and gravity. One interesting investigation is the so-called 
high spin/CFT correspondence. The earlier study seemed to indicate a correspon- 
dence between AdS high spin gravity [1, 2, 3] and Yang-Mills theory in the free field 
limit[4, 5, 6, 7]. More careful studies on the spectrum led to the conjecture of HS/0(N) 
correspondence [8] 1 . The perturbative check of the conjecture in AdS± has been push for- 
ward in the past few years by the computation of three-point functions in [12, 13]. How- 
ever, the non-perturbative aspects are not clear except some exact solutions [14, 15, 16, 
17, 18], whose physical interpretations are unknown right now. Fortunately, in the past 
few years, AdS$ higher spin theory has opened a new window to study various aspects 
of HS/CFT correspondence. It turns out to be as fruitful as AdS± higher spin gravity. 
Some important developments include the asymptotical symmetry analysis [19, 20], the 
Gaberdiel-Gopakumar conjecture[21] and the identification of higher spin black holes in 
AdSs[22]. Among them, the high spin black hole is of particular interest. 

The most remarkable feature of higher spin black hole is that it changes the con- 
ventional notions on spacetime and black holes[22, 23]. As in a higher spin gravity, 
the diffeomorphism of graviton is modified by the higher spin degrees of freedom, the 
conventional methods in dealing with the black hole and its thermodynamics make no 
much sense. One must use gauge invariant quantities to study the black hole [22]. More- 
over, the spin 3 black hole in AdS3 gives an explicit example which shows the power of 
holography. Without the holographic descriptions as the guideline, it is not clear how 
to interpret the solutions found in the higher spin AdSs gravity so far. After imposing 
appropriate requirements on the holonomy, which is gauge invariant, and with the help 
of dual CFT, the thermodynamics of the higher spin black holes could be well-defined. 
Moreover, the higher spin black hole has been studied from HS/CFT point of view as 
well, and consistent picture has emerged[24, 25]. For a nice review and complete refer- 
ences, see [26]. Very recently, the higher spin black holes with just one single higher spin 
hair have been classified [27, 28]. These black holes are based on the truncated higher 
spin gravity and are easier to study in many aspects. Similarly, the thermodynamics of 

1 See [9], [10] for a fermionic verison and [11] for the generalization to Chern-Simons vector theory. 
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these black holes have been defined consistently. 

Since the higher spin black holes are consistent with the first law of thermodynamics, 
it is imminent to explore their phase structures. Here one needs to know the free energy 
(or partition function) of the higher spin black holes. In [29] this problem has been 
tackled systematically at first time. However, the variables used there do not have 
direct CFT interpretations hence the formulas obtained can not be used to explore 
thermodynamics directly. In [30], the author revisit this problem in the spin 3 gravity 
in the spirit of [29] . The most interesting part of their work is the discovery of multiple 
branches of solutions in the spin 3 higher spin gravity. It was found that the BTZ 
branch only dominates in the low temperature and it must transit to another branch at 
a critical temperature. 

Here we try to explore the phase structures of the higher spin black holes more 
systematically. At first we derive an entropy formula (and a partition function formula) 
by using simple dimensional analysis and the first law of thermodynamics. This formula 
should valid for arbitrary higher spin AdS% black holes. The most remarkable fact is 
that the formula is actually independent of the holonomy equations 2 . Then we use this 
formula to solve the holonomy equations in the spin 3 and the spin 4 gravity. We find 
that there are multiple branches from the holonomy equations, if we do not require that 
the entropy reduces to the one of BTZ black hole in the limit of zero higher spin charge. 
We find that there are six branches for the spin 3 black hole, eight branches for the spin 
4 black hole and twelve branches for the G2 black hole. We work out the exact entropy 
function in each branch, from which we are allowed to investigate the phase structure in 
more details. For the spin 3 black hole, we reproduce all the results found in [30]. This 
gives a consistent check of our treatment. For the spin 4 black hole, we find that all 
the branches are charge conjugate asymmetric, as was first discovered in [27]. When we 
restrict ourselves in the positive entropy and positive temperature region, there are only 
three branches (Branch 1, (5,+,-) and (8,+,+)) left. At low temperature, though the 
entropy of Branch 1, which is usually called BTZ branch as it could reduce to BTZ black 
hole in the limit of zero spin 4 charge, is smaller than the ones of other two branches, 
only Branch 1 is stable in the sense that the specific heat is non-negative only in it. 
Therefore Branch 1 is thermodynamically favored in the low temperature region. In the 
high temperature region, Branch 1 disappears, the system transits to Branch (5,+,-) 
or Branch (8,+,+), depending on the signature of the chemical potential. Moreover, 
we notice that there are two sharp windows in which the system is thermodynamically 
unstable. 

The structure of this paper is as follows. In section 2 we derive the formula of the 
entropy and the partition function by dimensional analysis and thermodynamics. In 
section 3 we explore the phase structure of the spin 3 black hole. In section 4 we explore 
the phase structure of the spin 4 black hole. We end this paper by some conclusion and 
discussions. 

2 Actually, this fact was shown explicitly by angular quantization in [29]. 
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2 General Setup 



In this section, we derive an universal entropy formula for arbitrary A0IS3 higher spin 
gravity. To be concrete, we focus on the SL(N, R) higher spin gravity and use the princi- 
pal embedding. However, the derivation can be simply generalized to Sp(2N, R), SO(2N+ 
1, R) and G2 gravity which was investigated recently in [27]. Some earlier efforts on this 
problem were presented in [29] . 

Let us consider a higher spin black hole with higher spin charges C n , C n where n = 
2,3, •• • , N. The conjugate chemical potentials are labeled by a n ,a n . For n = 2, £2 is 
the stress tensor in the boundary CFT and o?2 is the inverse temperature r. We denote 
the partition function of this higher spin black hole as Z and the entropy as S. The 
partition function Z is 3 

N N 

Z = Tr exp iAn 2 a n C n - ^ a n C n ) (1) 

n=2 n=2 

where n is summed up from 2 to N. By taking the logarithmic of the partition function 
we find 

N N 

hxZ = S + 4ir 2 i{J2anCn-Y,®M- ( 2 ) 

n=2 n=2 

To satisfy the first law of thermodynamics we require 

__^91nZ 

or equivalently, 

i dS , A . 

Now we consider the problem: what is the most general entropy formula which is 
consistent with the previous results? To be concrete, we assume all the higher spin 
charges are positive. Firstly, note that the entropy is a function of the higher spin 
charges C n . Secondly, from the dimensional analysis we learn that the entropy should 
have the form 4 

N 

S(£ n )=Y,Ca 2 -a N U C n /n ' ( 5 ) 

{a n } n=2 

where the summation is over all the possible partition of {a n } with the constrains that 

N 



J>n = l. (6) 



n=2 



3 The coefficient 4iv 2 i is dependent of the normalization of the higher spin charge and the chemical 
potential. In the discussion of the spin 4 and G2 gravity below, we will change the convention to match 
the results given in [27]. 

4 We are a bit sloppy here since there are other dimensional constants G and I in the theory. This 
form of the entropy can be checked in the following sections. 
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The coefficient c a , 2 ... aN can be arbitrary. Therefore the entropy satisfies the equation that 

N as 

n=2 n 

Then we use the relation (4) to find that 

N 

S = -4-ir 2 i^2na n C n . (8) 



n=2 

After including the bar term, we find an universal formula of the entropy for the higher 
spin black hole 

N N 

S = — 4-7r 2 i na n C n + 4ir 2 i na n C n . (9) 

n=2 n=2 

And the partition function should be 

N N 

In Z = -4vr 2 i J^(n - l)a n £ n + 4yr 2 i J^(n - l)a n £ n . (10) 

ra=2 n=2 

As a first check of our formula, we use it to match the results given in [30]. For 
the spin 3 higher spin gravity, we choose the principal embedding, and consider the 
non-rotating case which is defined as 

r = -f, £ = £, W = -W, a = a. (11) 

We also need the relations between r, a and the temperature T = ^ the potential fi in 
the non-rotating case 

i/3 

t = — , a = -T^. (12) 
Then we find that the entropy for the spin 3 higher spin black hole satisfy the relation 

S= ^(8vr£- 12vrW/x) (13) 

which is exactly the one given in [30]. In the same way, we can determine the partition 
function as 

\nZ= ^(47r£-8vrW / u) (14) 

which has also been given in [30] up to a sign. The sign difference comes from the 
definition of their grand potential. Note that in their paper, the above formulas were 
obtained by a sophisticated subtraction of the on-shell action and using the holonomy 
equations. However, according to our analysis, we find that the forms of the entropy and 
the partition function are the results of the consistency of the thermodynamics and the 
dimensional analysis, and have nothing to to with the holonomy equations. Nevertheless, 
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the agreement with the results in [30] gives a support of the formulas (9,10) and prove the 
consistency of our formula with the holonomy equations in the spin 3 gravity. However, 
our results are more general and can be used to arbitrary higher spin gravity. As we will 
show in Sect. 4, they could be applied to the study of the phase of the spin 4 black hole. 

Another remarkable fact is that our formula could also be valid for non-principal 
embedding 5 . As a check, we still use the results of the spin 3 black hole appearing in 
[30]. In the spin 3 black hole case, the spin 3 black hole flows to a UV fixed point 
which is depicted by the diagonal embedding and the corresponding UV CFT has a 

(2) 

Wg symmetry. The UV CFT is deformed by a spin 3/2 relevant operator and flows 
to IR fixed point. The corresponding charges are the stress tensor C and the spin 3/2 
charge Q. Their corresponding chemical potentials are denoted as r and a, with the 
potential being A = — ^. Then from the result we obtained previously, the entropy and 
the partition function should be 

S= ^(SttC-GttXG), (15) 

lnZ = ^(4vr£-2^Ag). (16) 
These results are in perfect match with those in [30]. 



3 Phase Structure in Spin 3 Black Hole 

In this section, we revisit the phase structure of the spin 3 black hole, from a different 
point of view. Actually, we show that there are multiple branches from the holonomy 
equations, without imposing boundary condition. We determine the entropy function of 
each branch, which allows us to analyze the phase structure carefully. 

Let us first define a dimensionless parameter z = y^fff ■ Here we use a parameter 

different from the one used in [22] and subsequent studies. The reason is that the 
definition of y = z 2 in that paper hides the information of charge conjugation W — > — W. 
The entropy may be sensitive to the charge conjugation as first shown in [27] in the spin 

4 and G2 cases. And from the work in [30], it is obvious that for some branches, the 
entropy could be sensitive to the signature of the higher spin charge, even in the spin 3 
case. 

The entropy function can be still written in the form 6 

5 = W2irfc£/[z]. (17) 

Note that the appearance of \[L comes from dimensional analysis and the coefficients 
are just chosen to simplify the holonomy equations and they can be absorbed into the 

5 Here we only give the observation. It is important to have the strict derivation. 
6 Here we only include the contribution of left-moving part. Similar treatment will be applied for the 
spin 4 gravity case below. 
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definition of the function f[z]. Then the holonomy equations becomes 

f[z] 2 -9(-2 + z 2 )f'[z] 2 = l, (18) 
-zf[z} 3 + 9(-2 + z 2 )f[z] 2 f'[z] - 27z{-2 + z 2 )f[z]f'[z} 2 + 27(-2 + z 2 ) 2 /'[*] 3 = 0. (19) 

In this case, we do not impose the boundary condition that the entropy should be BTZ 
entropy when the higher spin charge vanishes. This will lead to multiple branches of 
the solution. From the first holonomy equation, we find that the most general solution 
could be 

/[z] = cos0[z] (20) 

with 

0[z] = -(arcsin -j= + a) (21) 

where a is an arbitrary constant. We substitute this equation to the second holonmy 
equation and find 

sina = (22) 

with a being only fixed to 

a = nvr,n = 0,±1,±2,--- . (23) 

However, for the integer number n, only n = 0,1,2,3,4,5 gives us different entropies. 
Then we find six possible forms of the entropy function 

1 , . z 



S\ = AttV 2-irkC cos - (arcsin — ) , (24) 

3^ y/2 ^ ' 

AirV 2-nkC cos - (arcsin —= + tt) , (25) 
3 V ^2 



S: 



2 



1 , Z 



S 3 = 47rv / 27rAZ cos — (arcsin —= + 2ir), (26) 
3 y 2 



^4 



47rv / 27rAZ cos - (arcsin — + 3ir) , (27) 



1 



55 = AirV2irkC cos - (arcsin — + Ait), (28) 
3 y 2 

47r\/ 27rA;£ cos - (arcsin —= + 57r) (29) 
3' y/2 



S, 
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where the parameter — y^ < z < Y^ and the arcsin function takes value in the range 
[—§,§]■ There are some remarkable features of these solutions: 

• We do not use the non-rotating condition in the derivation. Hence the result is 
also valid for the rotating black holes. Since our result includes only left-moving 
part, a general spin 3 higher spin black hole has (6x6 =)36 branches in all. 

• The existence of multiple branches is related to the periodicity of sinusoidal func- 
tion. It is easy to see that the entropy function of six branches can be connected 
to each other. 
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• The extreme black hole is always at z = ±\/2, independent of the branches. 

• All the branches are related by a simple angle shift. Hence, according to different 
values of the angle appearing in the entropy function, we denote the branches 
as Branch 1, Branch 2, • • • , Branch 6. Note that our definition of the branch 
is different from those in [30] where they used the root of spin 2 charge in the 
zero temperature limit to define the branches. Nevertheless, it turns out that our 
classification includes their results as a subset. 

Let us have a closer look at these solutions. For simplicity, we consider the non- 
rotating case. The rotating case is also interesting, but we will not include them here. 

1. We plot the S/Sq — z diagram in Fig. 1, where So is the entropy of BTZ black 
hole. There are six curves which corresponds to six branches. We use color and 
thickness to distinguish them in this section. From Branch 1 to Branch 6, they are 
labeled respectively by the curves in 

(Red,Thin) , (Green,Thin) , (Blue,Thin) , (Red,Thick) , (Green,Thick) , (Blue,Thick) . 

The same color means that the two branches are related by a sign flipping on the 
entropy. Branch 4, Branch 5 and Branch 6 are related to Branch 1, Branch 2 
and Branch 3 by a sign flipping on the entropy function. Let us determine the 
signature of the entropy in each branch. This can be easily determined from the 
entropy function. The result is that 



The first number in the bracket denotes the branch, the second denotes the signa- 
ture of the entropy. It is clear that only Branch 1,2,6 have positive entropy. Hence, 
the physically allowed branch are Branch 1,2,6 according to the criteria that the 
entropy should be non-negative. 

2. Let us consider the charge conjugation. This can be found by z — > —z. We find 
that Branch 1 and Branch 4 are self conjugate invariant, and Branch 2(3) and 
Branch 6(5) are conjugated to each other. 

3. We plot iiT — z diagram of the six branches in Fig. 2. We find that when the 
spin-3 charge is vanishing, namely, z = 0, only Branch 1 and Branch 4 has a 
vanishing chemical potential. For other branches, they can have non-vanishing 
chemical potentials even when z = 0. The values of fiT at z = in each branch 
are respectively 



Again, the first number in the bracket labels the branch, and the second number 
is the value of \xT at z = 0. We find that the value of /iT in Branch 2 matches 
exactly the one in Branch III discussed in [30]. 



(1,+), (2,+), (3,-), (4,-), (5,-), (6,+) 



(30) 



(1,0), (2, J-), (3, A), (4,0), (5,-^), (6,-A) 



(31) 
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Figure 1: S/Sq — z relation: there are six branches, distinguished by color and thickness. 




Figure 2: fiT — z relation 
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We can see that Branch 1 and Branch 4 are restricted to a finite \xT range, so that 
they cannot exist at arbitrary high temperature. Since Branch 4 has a negative 
entropy, we only consider Branch 1. The maximum value of \xT can be determined 
by the function 



1 

2^ 



C(*) 



1 



sin 0(z) 



2vr V 2 V2^(cos 9(z) + ^fgf 1 ) 2 ' 



(32) 



For Branch 1, we can easily determine the extreme value of /iT, which is at 



3^/3 



V2 



-, or z 



7-3^/3 



The corresponding fiT is 



^-sjls/l-Z, or fiT = -JL\/2y r \ - S 



(33) 



(34) 



where the signature is determined by the signature of [i. In [30], the authors have 
chosen \i > 0, so they found only one point fiT, which is in exact agreement with 
our result. 

We can also read some other properties from Fig. 2. In Branch 2,3,5 and 6, the 
temperature can extend to oo. The points where the temperatures go to oo are 
respectively 

(1,$, (2,-1), (3,1), (4,$, (5,-1), (6,1). (35) 

The first number denotes the branch and the second denotes the point that tem- 
perature tends to oo. <fi means that there is no point such that the temperature is 
oo. However, we are a little sloppy here. Since what we plot is the fiT — z diagram, 
the information on the temperature is obscured. To find out this information, we 
need to plot the T/ \/~C — z diagram. 

4. The T/y/C — z diagram is plotted in Fig. 3. We can summarize the information 
on the temperature read from the graph into the following table. 



Branch 


z 


T 


1 


-V2, V2 


0+ 0+ 


2 


-V2, -1- 


0~, — oo 




-1 + , V2 


+oo, 0+ 


3 


-y/2, +1- 


_ , — oo 




+1 + , x/2 


+oo, 0+ 


4 


-y/2, x/2 


o-, o- 


5 


-V2, -1- 


0+, +oo 




-1 + , V2 


— oo, 0~ 


6 


-V2, +1- 


0+, +oo 




+1 + , V2 


— oo, 0~ 
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Figure 3: T j 


sJJL — z relation 







We choose Branch 2 to illustrate the figure or the table. For Branch 2, T — > CP 
as z — > — \/2, T —7- — oo as z — )■ — 1~ , T — > +oo as z — > — 1 + and T — > as 
T — > + . While in the range —y/2 < z < —1, T is always negative, and in the 
range — 1 < z < y/2, T is always positive. Hence according to the signature of the 
temperature, we can classify the branches in more detail. The results are 



Branch 


(1,+) 


(1,-) 


(2,-) 


(2,+) 


(3,-) 


(3,+) 


z 


[~V2,V2] 




[-A-i] 


[-1.V2] 


[~V2,1] 


[1,V2] 


Branch 


(4,+) 


(4,-) 


(5,+) 


(5,-) 


(6,+) 


(6,-) 


z 





[-V2, >/2] 


[-V2.-1] 


[-1.V2] 


[~V2,1] 


[1,V2] 



where the first number in the bracket denotes the branch according to the entropy 
function, while the second denotes the signature of the temperature. <j) means that 
there the value of z is empty, namely, the corresponding branch does not exist. 

Let us determine which branch is physically allowed, using the following two con- 
ditions: 

(1) The entropy S > 0; 

(2) The temperature T > 0. 

Hence there are only three physically allowed branches: Branch (1,+), (2,+), 
(6,+). Branch (1,+) is charge conjugate invariant, while Branch (2,+) (6,+) are 
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-0.2 -0.1 0.0 0.1 0.2 



Figure 4: C — T relation with [i = 1 

charge conjugate to each other. One can also determine the signature of the 
chemical potential in these branches by combining the fiT — z diagram and the 
T/VZ-z dia gram. We use the symbol (Branch, Temperature, Chemical Potential) 
to characterize the branch, the temperature T and the chemical potential /U in each 
branch. The results are 



Branch 


(1,+r) 




(2rr) 


(2,+,+) 


(3rr) 


(3,+,+) 


z 


[-AO] 


[0, y/2] 


[-A-i] 


[-i,A 


[-Ai] 


[i, A 


Branch 


(4rr) 


(4,-,+) 


(5,+r) 


(5r,+) 


(6,+r) 


(6,-,+) 


z 


[-Ao] 


[0, V2] 


[-A-i] 


M,A 


[-Ai] 


[i, A 



Note that when the authors plotted their phase diagram in [30], they have as- 
sumed that T > 0, /x > 0, hence, the branches they found only correspond to 
Branch (l,+,+),(2,+,-|-),(3,+,+) according to our classification. More precisely, 
the Branch I and II in their paper correspond to our Branch (1,+,+), Branch III 
is our Branch (2,+,+), Branch IV is our Branch (3,+,+). Motivated by this, we 
complete the diagram by including the negative temperature part (while we still 
set fi = 1). 

5. The £ — T diagram with fj, = 1 is shown in Fig. 4. 

Note that when T = 0, there are two different C values: C = and C > 0. The 
one with T = 0, C = corresponds to the usual BTZ branch, or Branch I in [30] . 
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On the contrary, the T = 0,C / is quite special. There are six curves spreading 
out from it, corresponding to six branches we found from the holonomy equations. 
In the T > region, they are Branch 1,2,3 in an anticlockwise direction. In the 
T < region, they are Branch 6,5,4 in an anticlockwise direction. In particular 
Branch 1 connects two points T = 0, C = and T = 0, C > 0. The correspondence 
of our classification and the classification in [30] is 

(1 ^ /, II), (2 III), (3 <-> IV). (36) 

We have checked that the low temperature expansion and the high temperature 
expansion are exactly the same as the ones in [30]. 

6. Let us turn to the phase transition. As we have shown, Branch 1 only exists in the 
low temperature. At the critical temperature, it has to transit to another phase. 
Here we only focus on the positive chemical potential \i > as the negative \x case 
can be found by charge conjugation. We have found that the critical temperature 
is at 



\j2V3-3. (37) 



167T 

The phase transition is from Branch (1,+,+) to Branch (2,+,+). We use the value 
(37) and the equation (32) in Branch (2,+,+) to find the corresponding z in Branch 
(2,+,+). It is 

z= 17 + 3^-14^=5 + 373^ 1 35537 
v/2(5 - 2^-5 + 3^/3) 3 / 2 

Then the entropy changes discontinuously at the critical point. The difference on 
the entropy is 

AS = S 2 - 5i « -196.777£;T C . (39) 

Here we have included the contribution from anti-holomorphic or right-moving 
part. 

According to the above analysis, we finally find that the full phase structure of the 
spin 3 black hole is 

1. For a fixed jjl > 0, in the range T < T c , the stable part of Branch (1,+,+) or Branch 
I in [30] is thermodynamically favored. At T = T c , Branch (1,+,+) transits to 
Branch (2,+,+). The entropy is reduced by 196.777/cT c . 

2. For fixed fx < 0, in the range of T < T c , the stable part of Branch (1,+,-) is 
thermodynamically favored. At T = T c , Branch (1,+,-) transits to Branch (6,+,-). 
The change of the entropy is the same as fi > case. 

In summary, we reproduced successfully the phase structure of the spin 3 black hole 
in [30] , from a different point of view. In [30] , the analysis rests heavily on the holonomy 
equations and the entropy relation. By analyzing the second holonomy equation, the 
authors in [30] did the low temperature and high temperature expansions and found the 
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phase structure. Different from their treatments, we showed that the entropy functions 
of all branches could be obtained exactly, if we do not impose the boundary condition. 
The entropy functions and the entropy relation (13) allow us to analyze every branch in 
more details. This method will be more fruitful in dealing with the spin 4 black hole in 
next section. 

4 Phase Structure in Spin 4 Black hole 

This section is to explore the phase structure of the spin 4 black hole which was discovered 
in [27]. We first use the method in [30] to explore some aspects of the holonomy equations. 
Then we switch to the exact solutions to find complete picture. For simplicity, we only 
focus on the non-rotating black hole case. 

4.1 A First Glance of Holonomy Equations 

We start from the holonomy equations worked out in [27] 7 
16 

-20vr 2 = — 7r 2 (36a 2 (4£ 3 + 7£W) + 360aWT + 25£T 2 ), (40) 
o 

n A 

164vr 4 = — 7r 4 (1296a 4 (656£ 6 + 4024£ 4 W + 4025£ 2 W 2 - 22500W 3 ) 

+51840a 3 £(8£ 4 + 82£ 2 W - 25W 2 )r + 48600a 2 (4£ 4 - 9C 2 W + 100W 2 )r 2 
-36000a£(2£ 2 - 17W)r 3 + 625(41£ 2 - 36W)r 4 ) (41) 

where we have omit the subscript 4 in W4 to simplify notation. Note that we can solve 
out W in terms of T,a,£ from the first holonomy equation and then substitute it into 
the second holonomy equation, making use of the non-rotating condition r = ^7 and 
a = —fir at the same time. We find 

- 584755200// £ 7 + 1672151040 / u 7 £ 8 + 1719926784 / u 8 £ 9 - 57600/i 5 £ 6 ( 13405 + 17316/ivr 2 T 2 ) 
+12500^ 3 £ 4 (10724 + 21667 / uvr 2 T 2 ) - 500 / u 4 £ 5 (-210725 + 824544^vr 2 T 2 ) 
-78125vr 2 T 2 (20 - 28 / utt 2 T 2 + 125/x 2 7T 4 T 4 ) - 15625£(-100 - 420^tt 2 T 2 + 919/uVT 4 ) 
+12500^£ 2 (-700 - 1700At7r 2 T 2 + 1351^VT 4 ) 

+7500 / u 2 £ 3 (-2350 + 5075^vr 2 T 2 + 23676^ 2 vr 4 T 4 ) = (42) 
We list some properties read from the equation (42) as following 

1. The equation (42) is invariant under T — > —T as the spin 3 gravity. 

2. The equation (42) is asymmetric under /j, — > —fi. This is a reflection of the charge 
conjugate asymmetry found in [27]. 



7 Here we use the same convention as [27]. 
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-0.4 -0.2 0.0 0.2 0.4 

Figure 5: C — T relation with [i = 1 

3. There are nine roots of (42). We find that at T = 0, the equation of motion is 

£(-25 + 35fiC + 144^ 2 £ 2 ) 4 = 0. (43) 

Thus there should be nine roots of C, one single root C = and two quadruply 
degenerate roots C = j|- and C = — indicating nine branches. However, we 
find that an arbitrary small perturbation around T = will render the real roots 
of C to five. The real roots depend on the signature of the chemical potential \x. 
This will be clear later when we do low temperature expansion of C in terms of T. 

4. From the equation (42), we can plot the C — T diagram. Due to the asymmetry 
of n — > —/i, we need to consider positive \i and negative \x separately. For positive 
fi, we set /x = 1, the C — T diagram is shown in Fig. 5. This diagram is symmetric 
under T — > — T, hence, it is sufficient to restrict oneself to the T > region. In 
this region, we can classify the curves as in [30]. The curve which is smoothly 
connected to the BTZ solution is called Branch /. There are four curves spread 
to T > region from C = jj-, we call them Branch II, III, IV and V in an 
anticlockwise direction. There is a critical point T = T c \ where Branch /, iT 
merges and disappear after T > T&. Near T = 0, Branch //, 77T are unstable due 
to the negative specific heat. The stable branches near T = are Branch /, IV, V. 
There is another critical temperature T' cl above which Branch III becomes stable, 
too. The fact that T c \ < T' cl has important consequence in the following discussion. 
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Figure 6: C — T relation with fj, = —1 

For a negative //, we set fx = — 1, and show the £ — T diagram in Fig. 6. Again, 
the curve are symmetric under T — > —T so we will restrict ourselves to T > 
region. The curve which is smoothly connected to BTZ black hole is called Branch 
I'. There are other 4 curves which are spread from C = — ^ and they are called 
Branch II' , III' , IV' and V in an anticlockwise direction. There is a critical 
point T = T C 2 where Branch I', II' merges and disappear after T > T c i. Near 
T = 0, Branch II', III' are unstable due to the negative specific heat. The stable 
Branches near T = are Branch I' , IV ,V . Similarly there is also a critical 
temperature > T' c2 above which Branch JiT' becomes stable. From Fig. 6, it 
seems that T C 2 < T' c2 , which will be shown explicitly soon from the exact solution. 
The negative fi case is much like the positive \x case, except that the character 
temperature is different. 

Note that whatever \i is positive or negative, there are only five branches in T > 0. 
This does not contradict with the nine roots of the equation (42) since for arbitrary 
T > 0, there are at most five real roots. The other four roots are imaginary. 

5. Low temperature expansion. When /x > 0, we can only do low temperature expan- 
sion around C = and C = jj-. When /x < 0, we can only do low temperature 
expansion around £ = and C = — The results are listed in the table below. 
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Signature of /J, 


Branch 


Low Temperature Expansion of C 


1 




7% n — ~, T7T7TC 1 i tttoti n — 7* r 1 ^ — 

tHT 2 (1 + ^Vtt 4 T 4 + ^i^vr b T b + • • • ) 


+ 


II 


5 7rT 427r 2 T 2 , 
16^ 2^ 125 + 


+ 


III 


5 7rT , 397r 2 T 2 , 
16m 4^ "i" 250 ~r 


+ 


IV 


5 7rT i 397r 2 T 2 i 
16m 4^ + 250 + 


+ 


V 


5 | nT 42tt 2 T 2 i 
16m 2^ 125 " r 




IV 


5 ttT 54tt 2 T 2 i 
9m v 73 ^ 125 " r 




III' 


5 ttT i Utt' z T z i 
9m 3v^27I 1 125 ' r 




IV 


5 | ttT i 147r 2 T 2 i 
9M Sv 73 ^ 1 125 " r 




V 


5 , ttT 54tt 2 T 2 , 
9m ^2J1 125 



Here the slash means that the signature of \x is irrelevant for the expansion around 
C = 0. The expansion is consistent with the previous C — T figure. The expansion 
depends on the signature of the chemical potential fi. For each definite signature 
H, there are only five branches near T > 0. The specific heat from the expansion 
also matches with the figure, indicating two unstable branches near T > for fixed 
fi. 

6. High temperature expansion. For fi > 0, only three branches (Branch III, IV, V) 
are left in the high temperature region. For /j, < 0, only three branches (Branch 
III', IV, V) are left. These are consistent with the diagram plotted previously. 
The results are listed below 



Branch 


High Temperature Expansion of C 


V 


(l/3(337-7^481)) 1 / 3 (57r) 2 / a , T \2/3 , 


IV 


(IOtt) 2 / 3 /T\2/3 35 | 
4*3 2 / 3 ^ M ' 324m ~ l ~ 


III 


(1/3(337+7v / 481)) 1/3 (5tt) 2 / 3 /T)2/3 | 


III' 


i(i(337- 7V481))V3 (57r )2/3(^ ) 2/3 + ... 


IV 


(IOtt) 2 / 3 / T ^2/3 35 , 
4*3 2 / 3 ^ — M ' 324m 


V 


^(i(337 + 7V48T)) 1 /3( 5 vr) 2 / 3 (^) 2 / 3 + • • • 



Actually, to determine the high temperature expansion of each branch, we need to 
include the C — T diagram in a higher temperature to keep track of the tendency 
of each branch. For \i > 0, the diagram is shown in Fig. 7. 

An interesting fact is that at the point /xT 2 = /iT} 2 , Branch III, IV, V intersect. 
When T < T , 

Cm < C IV < C v (44) 
and when T > Tq, the previous relation reverses 

Cm > C IV > C v . (45) 
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Figure 7: C — T relation with [i = 1 



We also notice that in the high temperature region, the relation between the slopes 
tan <j) of C — T curve of three branches satisfy 

tan 4>m > tan cf)jy > t&ncftv. (46) 

This relation is consistent with the high temperature expansion of C, as the co- 
efficient in Branch III is the largest in the expansion. The value of To will be 
determined from the exact solution. We do not find the similar behavior for [i < 0. 

7. Note that in the low temperature region, only Branch I has the desired CFT 
behavior, namely, C ~ T 2 . In the high temperature region, Branch III, IV and 
V are left, and the high temperature behavior is C ~ 7" 2 / 3 ; not quite the typical 
behavior of a CFT. In [30], this puzzle was solved by RG flow to a UV CFT. In 
the spin 4 case, this again indicates that the IR CFT should flow to another UV 
CFT. We will not tackle this problem in this paper. 



4.2 Exact Solution 

Again, we find that the holonomy equations can be solved exactly as in the spin 3 gravity. 
We just list the results below. There are eight branches of the solutions. The entropies 
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in each branch are respectively 



Si 


= zirkV l cos 


\, 

— arcsin 
4 


25 < 7 " 


72z) - 


arcsin 


7 
25 




s 2 


= ZTTKV L, COS 


\, 

— arcsin 
4 


25 < 7 " 


72z) - 


arcsin 


7 
25 


+ 2tt), 


S3 


/— 

= ZTTKvL, COS 


\, 

— arcsin 
4 


25 < 7 " 


72z) - 


arcsin 


7 
25 


+ 4tt), 




r— 

= ZTTKV £, COS 


\, 

— arcsin 
4 


25< 7 " 


72z) - 


arcsin 


7 
25 


+ 6tt), 


s 5 


= 2irkV~Ccos 


1, . 

- arcsin 
4 




72z) + 


arcsin 


7 
25 


+ tt), 


s 6 


= 2irkVCcos 


1, . 

- arcsin 

4 




72z) + 


arcsin 


7 
25 


+ 3tt), 


s 7 


= 2irkV£cos 


1, ■ 
- arcsin 

4 




72z) + 


arcsin 


7 
25 


+ 5vr), 


s 8 


= 27r/c\/Zcos 


1, . 
- arcsin 
4 




72z) + 


arcsin 


7 
25 


+ 7vr). 



(47) 
(48) 
(49) 
(50) 
(51) 
(52) 
(53) 
(54) 

Here z = ^ to match the result in [27]. It is dimensionless and is in the range [— \, |]. 
Note that to obtain these results we do not use the non-rotating condition and we include 
only the holomorphic part contribution. The eight branches are actually the eight curves 
that spread from C = j|- or C = — <Jk From the exact solutions, we can study the phase 
structure more precisely than before. 

1. Here we present all the relations that are necessary in the discussion below, r and 
a are 

6z sm9(z) 



2VZ 

5t 



(cos 9{z) 



= 



a 



V(l + 4z)(4-9zy 2VZ 
sin9(z) _ 5i 



9{z), 



12£ 3 / 2 N /(l + 4s)(4-9z) 12£ 3 / 2 
In the non-rotating case, we have 

5/1(3) 



/»(*). 



£/x = — 



juT = - 



65(2) ' 
5 h(z) 



fiS 2 = 



6tt 2 g(z) 3 ' 
2tt 2 kTg(z) cos 6{z), 
WlT 2 k 2 h(z) 



9(z) 



One can check that the relation (9) as 8 



k 



cos 2 0(2). 



9k, 



S = -4tt^(2t x — C + 4a x — W). 



2tt 



5ir 



(55) 
(56) 

(57) 

(58) 
(59) 
(60) 

(61) 



3 Note that the coefficients ^ and |^ originate from the normaiization convention in [27]. 
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Again, we plot the diagram S/ So — z to show the discrepancy of each branch from 
the BTZ black hole. The figure is shown in Fig. 8. Since there are eight branches 
now, we use the color and thickness of the curve to distinguish them. From Branch 
1 to Branch 8, they are depicted by the curves in 

(Red,Thin) , (Green,Thin) , (Blue,Thin) , (Black,Thin) , 
(Red,Thick) , (Green,Thick) , (Blue,Thick) , (Black,Thick) . 

Unlike the spin 3 case, Branch 2 and 4 may have positive or negative entropy, 
depending on the range of z. We distinguish them by Branch 2i,22,4i and 42, 
in which the subscript 1 means that z G [— -t,0] and the subscript 2 means that 
z € [0, |]. Hence the signature in each branch is 

(1, +), (2i, -), (2 2 , +), (3, -), (41,+), (4 2 , -), (5, +), (6, -), (7, -), (8, +). (62) 

The requirement that the entropy S > tell us that only Branch 1 , 2 2 , 4i , 5 and 8 
are physically allowed. 

We can plot the T/\J~~C. — z diagram. The figure is shown in Fig. 9. The figure is 
more complicated than the spin 3 case, but the qualitative behavior is the same. 
We can summarize the signatures of the temperatures in each branch in a table 
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T 




Figure 9: T j\fL — z relation 



Branch 


z 


T 


1 


-1/4, 4/9 


0+, 0+ 


2i 


-1/4, 0- 


0+, +oo 


2 2 


0+, 4/9 


— oo, 0~ 


3 


-1/4, 4/9 


o - , o- 


4i 


-1/4, 0- 


_ , — oo 


4 2 


0+, 4/9 


+oo, 0+ 


5 


-1/4, z{ 


0+, +oo 


zt, 4/9 


— oo, 0~ 


6 


-1/4, z 2 ~ 


0+, +oo 


4, 4/9 


— oo, _ 


7 


-1/4, zl 


_ , — oo 


z?, 4/9 


+oo, 0+ 


8 


-1/4, z 2 - 


_ , — oo 


4, 4/9 


+oo, 0+ 



The temperature is always positive in Branch 1, and always negative in Branch 3. 
In Branch 2 and 4, it flips a sign at z = z$ = 0. In Branch 5 and 7, it flips a sign 
at z = z\ = 0.325526. In Branch 6 and 8, it flips a sign at z = zi = —0.235926. 
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Here zq,zi, z<i are determined by solving the equation 



„. . 6z sin 9(z) , . 

g{z) = cos 9{z) - { / = = 0. (63) 

The solution is 

z = z = (64) 

for Branch 2 and 4, 

4(V48l-7) , x 

z = zi = — -=L » 0.325526 65 

337 - 7^/481 

for Branch 5 and 7, and 

z = -4(\/48l + 7) _ _ 0>235926 (66) 
337 + 7^/481 

for Branch 6 and 8. There is no real solution for Branch 1 and 3, consistent with 
the graph in Fig. 9. Hence, according to the signatures of the temperatures, we 
distinguish the previous branches more carefully as 



Branch 


(1,+) 


(2i,+) 


(22,-) 


(3,-) 


(4i,-) 


(42,+) 


(5,+) 


z 


l — I 4l 

I 4, 9J 


[-io] 


[0,|] 


r_i *i 

L 4' 9J 


[-io] 


[o,5] 


hi*i] 


Branch 


(5,-) 


(6,+) 


(6,-) 


(7,-) 


(7,+) 


(8,-) 


(8,+) 


z 




HM 






[*i,Sl 


hi**] 


[*2,f] 



If we require T > 0, then only seven of the fourteen branches are allowed. In- 
cluding the constraints from the entropy S > 0, only Branch (l,+),(5,+),(8,+) arc 
physically allowed. 

4. It is also important to plot the fiT 2 — z diagram from which we can read out the 
critical point that Branch 1 disappear. From the equation (58), we find that 

T 2 = 5 sinfl(z)/V(l + 4z)(4^9i) 

6tt 2 (cos9(z) -6zsw.e(z)/y/(l + 4z)(4- 9z)) 3 ' 

We notice that the angel 9{z) of Branch 1 and 3 are related by 9\{z) — > 6*3(2;) = 
9\{z) + 7r, so the function \iT 2 is the same in both branches. The same property 
exists between Branch 2 and 4, 5 and 7, 6 and 8. So we only need to plot four differ- 
ent curves. The four curves are plotted by four different color. The correspondence 
between the curves and the color is 

(1,3 O Red), (2,4 o Green), (5, 7 o Blue), (6, 80 Black). (68) 

Then the relations between fiT 2 and z are shown in Fig. 10. 
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Note that there are still three important values of z. They are the same as before 
z = 0, zi, z<i- Since the red curve for Branch 1 and 3 can not be seen clearly in this 
figure, we single it out in Fig. If. 

Similar to the spin 3 gravity, we can further distinguish the branches according to 
the signature of the chemical potential. The result is shown in the following table. 



Branch 


(1,+r) 


(1,+,+) 


(2i,+,-) 


(2 2 ,-,+) 


(3rr) 


(3r,+) 


(4i,-,-) 


(4 2 ,+,+) 


z 


h|,0] 


[o,5] 


h|,o] 


[0,51 


h|,o] 


[o,5] 


h|,o] 


[o,f] 


Branch 


(5,+r) 


(5r,+) 


(6,+r) 


(6r,+) 


(7rr) 


(7,+,+) 


(8rr) 


(8,+,+) 


z 


hi*i] 








hi*i] 




hi *.] 





Like the spin 3 gravity, there are some branches that can have vanishing spin 4 
charge but nonvanishing chemical potential. The values of \sT 2 at the point z = 
in each branch are respectively 



(1,0), (2,co), (3,0), (4,00), (6,-jjjj), (6,^), (7,-jjjj), (8,^) 

(00) 

5. In the previous subsection, we found five branches in T > region for each fixed [i. 
It is important to see the connection of the branches found here and the previous 
ones. This can be done by doing low and high temperature expansions of C. For 
the convenience of the following discussions, we also include the expansion of the 
entropy. The results are listed in the table below 
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Branch 


z 


Low T Expansion of C 


1 





^ T 2 + 1008^2* + 4032^3^8 + . . . 


3 





A "i i iHu n 7 1 7 1 ^ i iW i i n n n 

tHT 2 + ^^7r b T b + ^/r%«T 8 + • • • 


1 


4/9 


5 ttT AS,-k' 2j T 2j I 
16^ 2^ 125 + 


2 


4/9 


5 ttT I 39tt' 1 T'- ! I 
16m 4^ 250 + 


3 


4/9 


5 , ttT A2tt' z T' z I 
16m 2^ 125 + 


4 


4/9 


5 7rT i 39tv' z T' z i 
16m 4^ + 250 + 


5 


4/9 


5 ttT 42tv' z T' z i 
16m 2^ 125 + 


6 


4/9 


5 , ttT , 3Q7T 2 T 2 , 
16/i 4^ ^ 250 " r 


7 


4/9 


^ ttT 1 ADtv 1 T' 2 ' 

O Ji ± '-tZiti ± j 

IQfx 2^ 125 


8 


4/9 


^ ttT 1 , ^Qtt^T^ 

o n ± i oy /i j. 
16a/ 4^ ^ 250 " r 


1 


-1/4 


O 7T_f O^vT J. j 

9// v/=5JI 125 " r 


2 


-1/4 


^ ttT AAtv' Z T' Z 

O Ji -L -L'i/l _f i 

9^ ^ 3 v /3 2aI 1 125 " r 


3 


-1/4 


t_> /I -f tj^i/l J. j 

9M v 73 ^ 125 " r 


4 


-1/4 


5 ttT i 14vr^T x , 
9m 3^2£ 1 125 " l " 


5 


-1/4 


5 ttT i U^T^ , 
9m 3^/^2)1 1 125 


6 


-1/4 


5 | TTT 54^7^ | 

q,, ~r / — or: 101; 
c*m v — zm j-^o 


7 


-1/4 


5 | ttT i 14vr^T x , 
9m 3v— 2m 125 


8 


-1/4 


5 ttT 5471-^ | 
9m \7^27i 125 


r\ ran c n 




Hi crn r ,"Y"nfi n Qinn of / 

±_L±ti±l 1 UAUClllijlUll Ul Aw- 


4 


^0 


(57r\2/3/'./'\2/3 35 , 
V 12 / 324m ~ r 


7 


-21 


^(i(337 - 7^)) 1 /3( 5tt )2/3 ( 2. ) 2/3 + . . . 


8 


^2 


^(i(337 + 7^)) 1 /3( 5tt )2/3 ( 2. ) 2/3 + . . . 


2 


^0 


(bir \2/3( T \2/3 35 , 
Vl2/ \-n> 324m ~ r 


5 


Zl 


^(i(337- 7V481)) 1 /3 ( 5 vr )2/3 (J _ ) 2/3 + ... 


6 


Z2 


^(i(337 + 7V481))V3 (5vr )2/3 ( ^ ) 2/3 + ... 
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Branch 


z 


Low T Expansion of S/(2irk) 


1 


U 


rp . 432,2^5^5 , 8064 ,, 3_7tV7 , 
VTJ + -25-/U 7T J + -j^rfi IT 1 + • • • 


3 





nT + 432 Vt 5 + fpWr 7 + • • • 


1 


4/9 


1 42vrT 5868^^ 
2^/71 125 15625 ~ l ~ 


2 


4/9 


1 , 39ttT , 4653^^^ 
4^/71 "i" 250 1 31250 ~ l ~ 


3 


4/9 


1 42ttT , 5868 v //7tt 2 T 2 

125 1 15625 ~ l ~ 


4 


4/9 


1 , 39ttT 4653^^ 
4 /77 ' 250 31250 


5 


4/9 


i zio^T 1 5868 /Utt' z T' z 

9/77 19^ 1 ^£9^ 


6 


4/9 


1 . 397rT 4003-^//^ _/ 
/I /TT \~ OCfi Q1 OKfl ' 

zoU olzoU 


7 


4/9 


1 42ttT , 5868^^^ 
2^/77 125 15625 


8 


4/9 


1 , 39ttT , 4653 v /7Ztt 2 T 2 
4^/77 250 1 31250 ~ l ~ 


1 


-1/4 


1 54vrT maV^^I* . 
a/^271 125 31250\/2 


2 


-1/4 


1 | 147rT 3033v^M7r 2 T 2 


Sv 73 ^ 1 125 31250^ ~ l ~ 


3 


-1/4 


1 54ttT 1 17739i/— 7"r 2 T 2 . 


x/=27i 125 1 31250^ ~ l ~ 


4 


-1/4 


1 1 14ttT 3033v^7t7r 2 T 2 
3^271 1 125 1 31250\/2 


EC 



-1/4 


1 | 14ttT 1 3033v^777r^T^ 
3 v /3 277 1 125 1 31250^ ~ l ~ 





-1/4 


1 54ttT 1 17739^=7Ztt 2 T 2 


v / =277 125 1 31250^2 ~ l ~ 


7 
( 


-1/4 


1 UttT 3033v^7i7r^T^ 
3 V / =27Z 1 125 31250^ 


8 


-1/4 


1 54ttT 17739^-^^^ 
x/=27i 125 31250^ 


Branch 


Z 


High T Expansion of S/(2irk) 


4 


^0 


(|) 2/3 (1)1/3(112/3 , ... 
6(27r) i / J v 1 ' v M ' 


7 


24 


((-4879+481v / 481)7r) 1 /3 /T\l/3 , 
10*6 2 / 3 V > " + " 


8 


^2 


( (4879+481 V 481)7r) 1 / 3 /T\l/3 , 
10*6 2 / 3 M ' ^ 


2 


^0 




5 


24 


((-4879+481v / 481)tt) 1 /3 T 1/3 

10*6 2 / 3 ^ — M ' " + " 


6 


Z2 


((4879+481^481)^) , T \l/3 , 
10*6 2 / 3 ^ — M ' 1 



Some illustrations on the results are in order: 

(a) There are three different z = 0, |, — \ where the temperature tends to zero. 
When z — > 0, the temperatures in Branch 1 and 3 go to zero. When z = | 
and z = —\, all the branches go to the low temperature region. Our low 
temperature expansion suggests that the eight curves around C = ^ are 
Branch 

1,8,4,7,5,2,6,3 (70) 
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in an anticlockwise direction. And the correspondence of the previous classi- 
fication and the classification here is 



(1 o /, //), (8 <* III), (4 f+ IV), (7 <+ V) (71) 

Note that the classification in the previous subsection does not consider the 
T < region hence they correspond to only four of the eight branches we find 
here. Similarly, the expansion around z = — \ tells us that the eight curves 
around £ = — ^ are Branch 

1,5,2,6,8,4,7,3 (72) 

in an anticlockwise direction. And the correspondence of the previous classi- 
fication and the classification here is 

(1 o I', II'), (5 <-> III'), {2^ IV'), (6 ■<->■ V') (73) 

(b) There are also three different z = zq,z\,Z2 where the temperature can be 
infinity. In the high temperature expansion, we only include the case that T > 
0. When z — > z§{z\,Z2), the temperatures in Branch 4(7,8) and 2(5,6) tend 
to oo. Note that this is consistent with all the results in the last subsection. 

(c) In the previous discussion, we mentioned that in C — T diagram, there is a 
tri-point where Branch III, IV, V intersect. Note that Branch JiY, IV, V cor- 
respond to Branch 8,4,7, hence the point can be determined by the equations 

C 8 = C 7 = U = Co, T S = T 7 = T 4 = T , (74) 

where the subscript denotes Branch. These equations can be solved consis- 
tently by the solution 

z 8 = -0.218535, z 7 = 0.380182, z 4 = 0.13002 (75) 

with 

o 6250 „ 10 497r 2 T n 2 

" T » " 343?' C " = T, ~ ^T' < 76 > 

Note that zg, z 7 , z 4 are the solutions of the equation 

«**(*) = (77) 
in Branch 8,7,4 correspondingly. 
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4.3 Phase Structure 



Here we consider two cases which are physically allowed. The first case is 

S > 0, T > 0, fi > 0. (78) 

There are only Branch (1,+,+) and (8,+,+) satisfying the conditions. Branch (1,+,+) 
is smoothly connected to the BTZ black hole, and we can see clearly that at low tem- 
perature, T — > 0, the entropy in Branch (1,+,+) is smaller 9 than the one in Branch 
(8,+,+). 

However we find that the specific heat of Branch (8,+,+) is negative, indicating 
that Branch (8,+,+) is unstable in this temperature region. Hence, at low temperature, 
Branch (1,+,+) is thermodynamically favored. However, from Fig. 11 we see that it 
cannot exist at arbitrary high temperature for fixed [/,, while Branch (8,+,+) can exist for 
arbitrary high temperature. Hence, there exists a critical point T = T c \ where Branch 
(1,+,+) changes to Branch (8,+,+). The critical value can be determined by finding the 
extreme value of yT 2 — z curve. The critical value is at 

z = z cl = 0.332433, pT^ = 0.00640411. (79) 

We notice that z c \ 3> z<i- Hence when fx > 0, at low temperature, the system keeps in 
Branch (1,+,+) until T — > T c i, then the system undergoes a phase transition to Branch 
(8,+,+). We can calculate the entropies in Branch (1,+,+) and (8,+,+) at the critical 
temperature. They are 

Si(T = T cl ) = 24.7796feT cl , S 8 {T = T cl ) = 23.6077fcT c i . (80) 

Hence, the change of the entropy at this point is 

A5 = 5 8 -5i = -1.17202jfeT c i. (81) 

The Fig. 12 is to show the S — T relation in Branch (1,+,+) and (8,+,+). 

We use T\ to denote the point where the entropies in Branch (1,+,+) and (8,+,+) 
equal. We can easily determine the value of T\ to be 

HT? = 0.00633862 (82) 

and the corresponding entropy 

Si(T = Ti) = S 8 {T = Ti) = 23.7034fcTi. (83) 

However, the picture is even subtler. From the C — T diagram, we find that when 
Branch (1,+,+) disappears, the slope of C in Branch (8,+,+) is still negative, indicating 
a negative specific heat. Hence at this point, Branch (8,+,+) is actually unstable. This 

9 Here we mean the Branch (1,+,+) near z = 0. There are actually two points(z = or z = |) where 
T = in Branch (1,+,+). The entropy at z = | is really larger than the one in Branch (8,+,+), but it 
is unstable near z = | . When we consider negative fi case, we meet the same phenomenon. 
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Figure 12: S — T relation for positive chemical potential 



can be checked by the low temperature expansion 10 of C in Branch (8,+,+). There 
is a turning point T = T' cl > T&, where the specific heat of Branch (8,+,+) becomes 
positive. This point can be determined by the extreme point of the function 



c 5 sing(z)/V(l + 4z)(4-9z) 

6 cos0(z) - 6z sin 0(z)/y/(l + 4z)(4 - 9z) 

of Branch 8. The result is that the extreme point is at 

4i = 0.2874. (85) 

The corresponding C and T are respectively 

2582 

C = = 19.401^, fxT^ = 0.01331. (86) 

After T > TL, it becomes stable and remains in Branch (8,+,+) to arbitrary high 
temperature. Note that T' cl > T c \. 

Therefore the full picture can be shown by Fig. 13. When < T < Ti, the system is 
in Branch (1,+,+) due to the fact that Branch (8,+,+) is unstable in this temperature 
range even though its entropy is larger. At T = T\, the entropies of these two branches 



10 Since z c i is far away from the high temperature point 22, the low temperature expansion is robust 



here. 



29 



T x Toi Tk T 

Figure 13: Phase structure with positive chemical potential 

agree. When T\ < T < T c i, the system is still in Branch (1,+,+). When T = TT[, 
Branch (1,+,+) disappears and the system is forced to Branch (8,+,+) even though 
it is unstable. It is unstable until T — > T' cl , after which the specific heat becomes 
positive hence the system is stable. There is a higher temperature To where Branch 
4,7,8 intersect. The system remains at Branch (8,+,+) to arbitrary high temperature. 
The second case is when the chemical potential fx < 

S > 0, T > 0, fi < 0. (87) 

There are only Branch (1,+,-) and (5,+,-) satisfying the conditions. Branch (1,+,- 
) is smoothly connected to the BTZ black hole. At low temperature, from the low 
temperature expansion, we find that the entropy in Branch (1,+,-) is smaller than Branch 
(5,+,-). However, the specific heat in Branch (5,+,-) in this region is negative so that 
Branch (1,+,-) is still thermodynamically favored. However, we also see from the fiT 2 — z 
diagram that this branch cannot exist at arbitrary high temperature. Since Branch (5,+,- 
) is always exist, we find that there should be a critical point that Branch (1,+,-) changes 
to Branch (5,+,-). It is at 



Zc2 



-0.227006, /jT c 2 2 = -0.00961277. 



We notice that z c2 <C Z\. Hence, when fi < 0, as the temperature grows, the system 
keeps in Branch (1,+,-) until T — > T C 2, then the system undergoes a phase transition to 
Branch (5,+,-). We can determine the entropies in these two branches at this point, 

Si(T = T c2 ) = 26.7242/cT c2 , S 5 (T = T c2 ) = 17.7638/cT c2 . (89) 

The change of the entropy at this point is 

AS = S 5 - Si = -8.96039fcr c2 . (90) 

We can also find a point T 2 that the entropies in Branch (1,+,-) and (5,+,-) become 
equal. It is 

M T| = -0.00636156 (91) 

with the corresponding entropy 

5i(T = T 2 ) = S 5 {T = T 2 ) = 21.1408A:T 2 . (92) 

The Fig. 14 shows the relation between S and T in different branches for a negative 
chemical potential. 
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Figure 14: S — T relation for negative chemical potential 

However, we also notice that Branch (5,+,-) is unstable at the critical point T C 2, 
where the specific heat in Branch (5,+,-) is negative. Only after T = T' c2 > T C 2, the 
specific heat becomes positive. We can determine the turning point T = T' c2 by analyzing 
the extreme value of (84) in Branch (5,+,-). The extreme point is at 

z = z' c2 = -0.1766 (93) 

with the corresponding C and T' c2 being 

4793 

C = : = 14.20TJ, /xTj = -0.03376. (94) 

A* 

After that the system remains in Branch (5,+,-) to arbitrary high temperature. 

There are two remarkable facts. The first is that the critical values are different for 
H > and fj, < 0, a reflection of the charge conjugate violation found in [27]. The second 
is that there exist thermodynamically unstable regions in phase diagram, in which the 
specific heat of the system is negative. For /i > 0, the thermodynamically unstable region 
is T c i < T < T' cl . For \x < 0, the thermodynamically unstable region is T C 2 < T < T' c2 . 

5 Conclusion and Discussion 

In this paper, we explored the phase structure of the higher spin black holes in AdS%. 
We found a general entropy formula via dimensional analysis and thermodynamics. For 
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SL(N,R) case, this formula depends on (N — 1) pairs of conjugate variables C n ,a n . 
After some small modification, it can be used to Sp(2N, R), SO(2N + 1,R), G2 and even 
/is (A) gravity. We checked that it indeed led to the correct branches for the spin 3 and 
the spin 4 black holes. It is now clear that the dimensional analysis is valid for all the 
branches and the holonomy conditions could be used to relate the conjugate variables. 
More explicitly, for SL(N, R) gravity, the holonomy conditions can be used to reduce 
half of the variables. Since we have obtained the general formula of the entropy and 
can always solve the holonomy equations numerically, we may work out in principle the 
phase structure for arbitrary higher spin black holes. It would be interesting to explore 
the phase structure of the higher spin black hole in the large N limit and thus check 
the Gaberdial-Gopakumar conjecture even in the finite temperature, non-perturbative 
region. It is also interesting to check the finite higher spin version of the conjecture by 
exploring the phase structure on both sides. 

In this paper, however, we were not so ambitious. We restricted ourselves to the 
higher spin black holes which can be solved exactly. The motivation to restrict to the 
spin 3 and spin 4 black holes is two-fold. Firstly, we need to check the consistency of 
our method. Secondly, it is better to have an exact solution capturing the quantitative 
behavior of the phase structure of the higher spin black holes. And this will be the 
cornerstone to the more complicated case. The study of the spin 3 and 4 black holes 
shows that the BTZ branch is indeed only dominated in the low temperature region. In 
the high temperature, the systems should transit to other branches, depending on the 
signature of the chemical potentials. The spin 4 black hole is a little more complex than 
the spin 3 case, due to the charge conjugate asymmetry and the existence of unstable 
region. However, we cannot say that all higher spin black holes share the same feature 
since we only explore two simplest rank 2 cases. For another rank 2 G2 case, following 
the convention in [27], the solutions of the holonomy equations are very like the spin 4 
black hole except that there are twelve branches now. The parameter z is defined as 
z = j m terms of which the entropy functions are respectively 

Si = 27rfc\/Zcos -(arcsin — — (143 — 36450z) — arcsin — — + 2(i — l)ir), i<6 
g v 343 v ) 343 v 7 7 

SVks = 2vr A;\/Z cos ^ (arcsin -^-( 143 - 36450z) + arcsin ^ + (2i - l)vr), i<6 

The phase structure should be more complicated but we expect that the basic picture is 
the same. We leave this theory for future study. 

As the rank of the group increases, the branches of the higher spin black hole will 
grow exponentially. So it is important for us to know how many branches there are 
and how many phase transitions will occur as the temperature increases. Hopefully the 
problem can be solved since the partition function and the entropy formula are known. 
The only remaining problem is to solve the holonomy equations. An analytic solution 
may be unavailable, but a numerical simulation can be done to an arbitrary explicit 
level. 

Another interesting problem we have ignored completely is the role of RG flow. As 
suggested in [23, 30], the IR degrees of freedom are the degrees of freedom in the principal 
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embedding while the UV degrees of freedom may be the degrees of freedom in the non- 
principal embedding. The IR CFT is deformed by an irrelevant higher spin operator 
hence flows to a different UV CFT. While from the UV CFT point of view, the UV CFT 
is deformed by a relevant operator hence flows to a different IR CFT. For the black holes 
with only one single higher spin hair, the RG flow analysis is relatively easy and could 
be done. We hope to return to this issue in the future. 
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